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ON THE AMPLENESS AND BIGNESS OF NON-INTEGRAL
DIVISORS
STEFANO URBINATI
Abstract. Given a Weil non-integral divisor D, it is natural to associate it
the line bundle of its integral part OX([D]). In this work we study which of
the classical characterizations of ample and big divisors can be extended to
non-integral divisors via the corresponding line bundles.
A powerful method for studying algebraic varieties is to embed them, if possible,
into some projective space Pn. As it is well known ([Har77]) morphisms in projec-
tive spaces are given by line bundles and chosen sections. In this note we study
ampleness and bigness for Q-divisors and R-divisors through the notion of integral
part.
For positivity questions, it is very useful to discuss small perturbations of given
divisors and the natural way to do so is by the formalism of Q and R-divisors. Given
an algebraic varietyX , a Cartier R-divisor on X is an element of the R-vector space
DivR(X)
def
= Div(X)⊗Z R.
Equivalently
D ∈ DivR(X)⇔ D =
∑
ciDi with ci ∈ R, Di ∈ Div(X).
The study of those classes of divisors began in the first part of the 80’s. They are
fundamental in the birational study of algebraic varieties, in particular for vanishing
theorems (as the vanishing theorem of Kawamata and Viehweg [Laz04b]). Also note
that there exist singular varieties for which the canonical divisor is a Q-divisor.
Our aim is to give a characterization of ampleness for these two classes of divisors
following the one for Z-divisors. The main issue we would like to discuss is that
some properties of integral divisors that characterize ampleness are connected to
the associated line bundle, that is only well defined for integral divisors. There
are different possible ways to overcome this problem. In this work we have chosen
to substitute any real divisor by its integral part any time we had to consider the
associated line bundle.
Given an R-divisor D =
∑
i aiDi ai ∈ R, Di ∈ Div(X) prime divisors, we define
its integral part as
[D] =
∑
i
[ai]Di ∈ Div(X).
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In the first section we collect all the well known characterization of ampleness for
integral divisors. In the following two sections we prove which of these properties
can be extended to Q-divisors and R-divisors using the notion of integral part.
In the last section we use the results of the previous sections to characterize big
non-integral divisors.
Acknowledgments. This work is an extract of my master thesis back in 2005.
I would like to thank my advisor at the time, Angelo Felice Lopez, for his great
support and for having introduced me to the world of birational geometry. The
author is grateful to the referee for the several suggestions.
1. Ampleness for Z-divisors
All basic properties and definitions can be found in the book of Lazarsfeld
[Laz04a].
We aim to give a global characterization of ampleness for Z, Q and R-divisors.
We will try to understand the differences among those three classes and study the
common properties. We begin recalling all the characterizations for Z-divisors.
Proposition 1.1 (Ampleness for Z-divisors). [Laz04a, 1.2.6, 1.2.32, 1.2.23, 1.4.13,
1.4.11, 1.4.29, 1.4.23] Let D ∈ Div(X) be an integral Cartier divisor on a normal
projective variety X, and let OX(D) be the associated line bundle (sometimes we
will think D as a Weil divisor by the canonical correspondence). The following
statements are equivalent:
(1) There exists a positive integer m such that OX(mD) is very ample;
(2) Given any coherent sheaf F on X, there exists a positive integer m1 =
m1(F ) having the property that
Hi(X,F ⊗ OX(mD)) = 0 ∀i > 0, m ≥ m1;
(3) Given any coherent sheaf F on X, there exists a positive integer m2 =
m2(F ) such that F ⊗ OX(mD) is globally generated ∀m ≥ m2;
(4) There is a positive integer m3 such that OX(mD) is very ample ∀m ≥ m3;
(5) For every subvariety V ⊆ X of positive dimension, there is a positive integer
m = m(V ), together with a non-zero section 0 6= s = sV ∈ H
0(V,OV (mD)),
such that s vanishes at some point of V ;
(6) For every subvariety V ⊆ X of positive dimension,
χ(V,OV (mD))→ +∞ as m→ +∞;
(7) (Nakai-Moishezon-Kleiman criterion)∫
V
c1(OX(D))
dim(V ) > 0
for every positive-dimensional irreducible subvariety V ⊆ X;
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(8) (Seshadri’s criterion) There exists a real number ε > 0 such that
(D.C)
multxC
≥ ε
for every point x ∈ X and every irreducible curve C ⊆ X passing through
x;
(9) Let H be an ample divisor. There exists a positive number ε > 0 such that
(D.C)
(H.C)
≥ ε
for every irreducible curve C ⊆ X;
(10) (Via cones) NE(X)− {0} ⊆ D>0.
(11) There exists a neighborhood U of [D]num ∈ N
1(X)R such that
U\{[D]num} ⊆ Amp(X).
Proposition 1.2. Every divisor that verifies at least one of the properties of the
Proposition 1.1 is an ample Z-divisor.
2. Ampleness for Q-divisors and R-divisors
The simpler way to extend the definition of ampleness to non-integral divisors is
the following.
Definition 2.1 (Amplitude for Q and R-divisors). A Q-divisor
D ∈ DivQ(X) (resp. R-divisor D ∈ DivR(X)) is said to be ample if it can be written
as a finite sum
D =
∑
ciAi
where ci > 0 is a positive rational (resp. real) number and Ai is an ample Cartier
divisor.
Our aim is to understand when this definition is equivalent to some of the prop-
erties of Proposition 1.1. Some of them are automatically transferable (and for
those we will directly prove that they are equivalent to the concept of ampleness
for Q and R-divisors). Other properties depend directly on the line bundle and not
on the divisor (as 1.1 (1) or (2)). In this cases we chose to substitute the divisor
mD by its integral part [mD] whenever the divisor was not integral and see if the
equivalence was still valid.
We begin with a negative answer for one of the statements.
Example 2.2. The affirmation (1) in Proposition 1.1, when we replace mD with
its integral part, is not equivalent to the concept of ampleness for Q-divisors.
To prove that it is not possible to extend (1), or rather that the property of exis-
tence of an integer m such that [mD] is very ample is not sufficient to characterize
the amplitude for a Q-divisor, it is enough to find an example. We consider a ruled
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rational surface Xe, e ≥ 2 defined as P(E ) = P(O ⊕ O(−e)) over P
1. We now
consider a divisor in the form
D =
3
2
C0 + (e+ 1)f
where C0 is a section and f is a fiber of the canonical morphism over P
1.
Now
[D] = C0 + (e+ 1)f
is a very ample divisor by [Har77] (Theorem V.2.17) but
D.C0 =
(
3
2
C0 + (e + 1)f
)
.C0 = 1−
e
2
≤ 0
so that D is not ample.
Remark 2.3. For the same reason the affirmation (5) in Proposition 1.1, when
we replace mD with its integral part, is not equivalent to the concept of ampleness
for Q-divisors. In this case we will replace “∃m” by “∀ m ≥ m4”.
Note 2.4 (A useful way to write divisors). Let D be an R-divisor, and suppose
that D =
∑
aiDi where ai ∈ R and Di ∈ Div(X), not necessarily prime. For every
integer m ≥ 1 we can write
mD = m
∑
aiDi =
∑
([mai]Di + {mai}Di) ,
where [·] is the integral part and {·} is the fractional part, so that we obtain:
[mD] =
[∑
([mai]Di + {mai}Di)
]
=
∑
[mai]Di +
[∑
{mai}Di
]
.
Now {[
∑
{mai}Di]} = {Tm} is a finite set of integral divisors, {Tm} = {Tk1 , . . . , Tks}.
Remark 2.5. If D is an integral divisor, D is ample in the sense of Z-divisors
(1.1) if and only if it is ample in the sense of R-divisors (2.1).
Proof. If D is ample in the sense of Z-divisors, obviously D can be written as 1 ·D
where D is an ample divisor, so that it is an ample real divisor.
If D =
∑
ciAi in an ample R-divisor, by Note 2.4 we can write [mD] =
∑
[mai]Ai+
Tk for finitely many divisors Tk. As A1 is ample, by Proposition 1.1, there exists
an integer r > 0 such that rA1 + Tk is globally generated for every k and there
exists an integer s > 0 such that tAi is very ample for all i and for all t ≥ s. Then,
if m ≥ r+s
ai
∀i, we have
[mD] =
∑
i≥2
[mai]Ai + ([ma1]− r)A1 + (rA1 + Tk)
that is a sum of a very ample and a globally generated integral divisor, that is very
ample. But in this case [mD] = mD and we get the statement. 
We can now state the following proposition:
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Proposition 2.6 (Ampleness for Q-divisors). Let D ∈ DivQ(X) be a Cartier divi-
sor on a normal projective variety X, and let OX([D]) be the associated line bundle
(sometimes we will think [D] as a Weil divisor by the canonical correspondence).
The following statements are equivalent to the definition of ampleness for Q-divisors
(Definition 2.1):
(I) Given any coherent sheaf F on X, there exists a positive integer m1 =
m1(F ) having the property that
Hi(X,F ⊗ OX([mD])) = 0 ∀i > 0, m ≥ m1;
(II) Given any coherent sheaf F on X, there exists a positive integer m2 =
m2(F ) such that F ⊗ OX([mD]) is globally generated ∀m ≥ m2;
(III) There is a positive integer m3 such that OX([mD]) is very ample ∀m ≥ m3;
(IV) For every subvariety V ⊆ X of positive dimension, there is a positive integer
m4 = m4(V ), such that for every m ≥ m4 there exists a non-zero section
0 6= s = sV,m ∈ H
0(V,OV ([mD])), such that s vanishes at some point of V ;
(V) For every subvariety V ⊆ X of positive dimension,
χ(V,OV ([mD]))→ +∞ as m→ +∞;
(VI) (Nakai-Moishezon-Kleiman criterion)∫
V
c1(OX(D))
dim(V ) > 0
for every irreducible positive-dimensional subvariety V ⊆ X;
(VII) (Seshadri’s criterion) There exists a real number ε > 0 such that
(D.C)
multxC
≥ ε
for every point x ∈ X and every irreducible curve C ⊆ X passing through
x;
(VIII) Let H be an ample divisor. There exists a positive number ε > 0 such that
(D.C)
(H.C)
≥ ε
for every irreducible curve C ⊆ X;
(IX) (Via cones) NE(X)− {0} ⊆ D>0.
(X) There exists a neighborhood U of [D]num ∈ N
1(X)R such that
U\{[D]num} ⊆ Amp(X).
Proof.
Claim 2.7. Either one of (I), (II), (III), (IV) and (V) implies ampleness for Q-
divisors.
Proof.
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(I) ⇒ Ample Let a ∈ N such that aD ∈ Div(X) and let m0 = ⌈
m1
a
⌉ ≥ 1; if m ≥ m0 ⇒
am ≥ am0 = a⌈
m1
a
⌉ ≥ a · m1
a
= m1.
Then by hypothesis
Hi(F ([amD]) = 0 ∀i > 0,
but Hi(F ([amD]) = Hi(F (m(aD)) = 0 so that by Proposition 1.2 aD is
an ample integral divisor and so D = 1
a
(aD) is an ample Q-divisor.
(*) ⇒ Ample The implications (∗) ⇒ Ample, where (∗) is one of (II), (III), (IV ), (V ),
can be proved in a same way.

Now we want to show that if a property holds for every multiple of mD than it
is also valid for D; we will use this simple fact:
Lemma 2.8. Let D ∈ DivQ(X) and let k ∈ N such that kD ∈ Div(X). Then for
every m ∈ N there exist i, t ∈ N such that
[mD] = tkD + [iD], 0 ≤ i ≤ k − 1.
Proof. D is a finite sum D =
∑
ajDj where Dj ∈ Div(X) are prime divisors and
aj ∈ Q. Now
[mD] =
∑
[maj ]Dj ;
and we can always write m = tk + i with 0 ≤ i ≤ k − 1 so that maj = tkaj + iaj
where kaj is an integer and therefore [maj] = tkaj + [iaj ]. Hence:
[mD] =
∑
j
[maj ]Dj =
∑
j
(tkaj + [iaj])Dj =
= tk
∑
j
ajDj +
∑
j
[iaj]Dj = tkD + [iD].

Claim 2.9. Ample implies either (I), (II), (III) and (IV).
Proof. Let us consider k ∈ N such that kD = H is an ample integral divisor and
let us use the notation of Lemma 2.8.
Ample ⇒ (I) Consider Fi = F ([iD]) for 0 ≤ i ≤ k − 1 and ni = ni(Fi) such that
Hj(F ([iD]) ⊗ OX(nkD)) = 0 for every j > 0 and every n ≥ ni.
Then the assertion holds with m1 = k(maxi ni).
Ample ⇒ (II) If H is ample, for every coherent sheaf F there exists an integer m0 =
m0(F ) such that F (mH) is globally generated for everym ≥ m0. Consider
Fi = F ([iD]) for 0 ≤ i ≤ k − 1 and mi = mi(Fi) such that Fi(mkD) is
globally generated for every m ≥ mi.
Then the assertion holds with m2 = k(maximi).
ON THE AMPLENESS AND BIGNESS OF NON-INTEGRAL DIVISORS 7
Ample ⇒ (III) If H is ample, by Proposition 1.2, for every i with 0 ≤ i ≤ k−1, there exists
an integer ti such that tH+[iD] is globally generated for every t ≥ ti. Also
there exists s ∈ N such that tH is very ample for every t ≥ s.
Let r = max ti and t ≥ s+ r. We get
[mD] = tH + [iD] = (t− r)H + (rH + [iD])
that is a very ample divisor because it is a sum of an ample and a globally
generated divisor. To conclude we get the statement for m3 = k(s+ r).
Ample ⇒ (IV) For what we said above Ample ⇒ (III) and obviously (III)⇒ (IV) with
m4 = m3.
Ample ⇒ (V) By Asymptotic Riemann-Roch and by Lemma 2.8 as OX([iD]) has rank 1
we have that:
χ(OX([mD]) = χ(OX([iD])(tH)) =
(Hn)
n!
tn +O(tn−1)
t→+∞
−→ +∞
by Proposition 1.2 because of the ampleness of H .

Claim 2.10. For any D ∈ DivR(X) we have that (VI), (VII), (VIII), (IX) and
(X) are equivalent to the definition of ampleness for R-divisors.
(VI) The implication Ample ⇒ (VI) is obvious both for Q and R-divisors. In
fact if D is an ample R-divisor, it is a finite sum in the form
∑
ciAi where
ci > 0 and Ai is an ample and integral divisor so that by Nakai-Moishezon,
(D(dimV ).V ) ≥ (
∑
ci)
(dimV ) > 0.
The other implication is natural for Q-divisors: in fact if we consider D ∈
DivQ(X) such that (VI) holds, we also know that there exists an integer
m > 0 such that mD is an integral divisor and (VI) is also valid for mD,
so mD is ample and so is D.
For R-divisors it has been proved by Campana-Peternell [CP90] as we will
see in the next section.
(VII) The implication Ample ⇒ (VII) is obvious. In fact by Definition 2.1 if D
is an ample divisor, D =
∑
ciAi where Ai is an ample integral divisor and
R ∋ ci ≥ 0. Then by Seshadri’s criterion (Proposition 1.1) over Z for all i,
there exists εi > 0 such that
(Ai.C)
multxC
≥ εi
then
(D.C)
multxC
≥
∑
i
(ciεi) = ε > 0.
For the other implication we know that there exists ε > 0 such that
(D.C)
multxC
≥ ε for every irreducible curve C ⊆ X passing through x. We
will proceed by induction over n = dimX . In n = 1 there is nothing to
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prove. For every subvariety V ⊆ X such that 0 < dimV < dimX , D|V is
ample by induction so that by Nakai-Moishezon we only need to prove that
(Dn) > 0.
To this end, fix any smooth point x ∈ X , and consider the blowing up in
this point with exceptional divisor E:
µ : X ′ → X
∪ ∪
E → x
we claim that the divisor µ∗D − εE is nef on X ′. Then by Kleiman’s
Theorem
(Dn)X − ε
n = ((µ∗D − εE)n)X′ ≥ 0;
therefore (Dn) > 0 as required.
For the nefness of (µ∗D − εE), fix an irreducible curve C′ ⊂ X ′ not con-
tained in E and set C = µ(C′), so that C′ is the proper transform of C.
Then by Lemma 2.11 below
(C′.E) = multxC.
On the other hand,
(C′.µ∗D)X′ = (C.D)X
by the projection formula. So the hypothesis of the criterion implies that
((µ∗D−εE).C′) ≥ 0. Since O(E) is a negative line bundle on the projective
space E the same inequality certainly holds if C′ ⊂ E. Therefore µ∗ − εE
is nef and the proof is complete.
Lemma 2.11. ([Laz04a] Lemma 5.1.10) Let V be a variety and x ∈ V a
fixed point. Denote by µ : V ′ → V the blowing-up of V at x, with exceptional
divisor E ⊆ V ′. Then
(−1)(1+dimV ) · (EdimV ) = multxV.
(VIII) The inequality is equivalent to the condition that D − εH be nef. If we
consider that the inequality holds, then we have that D = (D − εH) + εH
is ample.
Conversely, by the openness of the ample cone, if D is ample then D− εH
is even ample for 0 ≤ ε≪ 1.
(IX) & (X) The proof of this equivalence is the same as the one we used in Proposition
1.1 (Ample ⇒ (VIII) ⇒ (IX) ⇒ (X) ⇒ Ample).

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3. Ampleness for R-divisors
In this section we will study the case of R-divisors. We will see that in this case
we are only able to prove a partial correspondence to Proposition 1.1.
We are now beginning a discussion similar to that one made for Q-divisors:
Claim 3.1. The affirmations (1) and (4) in Proposition 1.1, when we replace mD
with its integral part, are not equivalent to the concept of ampleness for R-divisors.
Proof. Obviously, the example in the previous section (2.2) is still valid for R-
divisors. 
Claim 3.2. If (III) of Proposition 2.6 holds for an R-divisor D, then D is nef.
Proof. Suppose that there exists an irreducible curve C such that D.C < 0. Since
in N1(X)R we have that limn→∞
[
[mD]
m
]
num
= [D]num we get
0 > D.C =
(
lim
m→∞
[mD]
m
)
.C = lim
m→∞
[mD].C
m
≥ 0
contradiction. 
Remark 3.3. If (III) of Proposition 2.6 holds for an R-divisor D over a surface,
then D is ample.
Proof. We first prove that D is strictly nef, i.e. D.C > 0 for every irreducible curve
C.
By Claim 3.2 D is nef. Suppose that there exists an irreducible curve C ⊂ X such
that D.C = 0.
We even know that for every m > m0, [mD].C ≥ 1.
Also
0 = mD.C = [mD].C + {mD}.C ⇒ {mD}.C = −[mD].C ≤ −1.
If we write D =
∑
aiDi, ai ∈ R, Di prime divisors, then there exists j such that
(Dj .C) < 0 and so Dj = C, (C
2) < 0 and (Di.C) ≥ 0 for all i 6= j.
By Weyl’s principle ([KN74]) for every a ∈ R and for every 0 < ε < 1 there exists
an integer k ≫ 0 such that {ka} < ε. Choose ε = −1
C2
and k > m0 to obtain that
{kaj}(Dj.C) = {kaj}(C
2) > −1 and we get an absurd.
For the ampleness we have that D2 > 0 because, for m ≥ m0, mD = [mD] +
{mD} is a sum of an ample and an effective divisor that is a big divisor (Proposition
4.14). 
Proposition 3.4 (Ampleness for R-divisors). Let D ∈ DivR(X) be a Cartier di-
visor on a normal projective variety X, and let OX([D]) be the associated line
bundle (sometimes we will think [D] as a Weil divisor by the canonical correspon-
dence). The following statements are equivalent to the definition of ampleness for
R-divisors:
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i) Given any coherent sheaf F on X, there exists a positive integer m2 =
m2(F ) such that F ⊗ OX([mD]) it is globally generated ∀m ≥ m2;
ii) (Nakai-Moishezon-Kleiman criterion)∫
V
c1(OX(D))
dim(V ) > 0
for every positive-dimensional subvariety V ⊆ X;
iii) (Seshadri’s criterion) There exists a real number ε > 0 such that
(D.C)
multxC
≥ ε
for every point x ∈ X and every irreducible curve C ⊆ X passing through
x;
iv) Let H be an ample divisor. There exists a positive number ε > 0 such that
(D.C)
(H.C)
≥ ε
for every irreducible curve C ⊆ X;
v) (Via cones) NE(X)− {0} ⊆ D>0.
vi) There exists a neighborhood U of [D]num ∈ N
1(X)R such that
U\{[D]num} ⊆ Amp(X).
Proof. If D is ample then D =
∑
aiAi where Ai is an ample integral divisor and
ai > 0, ai ∈ R. We can now consider n ≫ 0 such that nAi = Hi is a very ample
integral divisor so that, if ci =
ai
n
, D =
∑
ciHi.
Ample ⇒ (i) With the notation of Note 2.4, for every j ∈ {1, . . . , s} there exists nj such
that F (Tkj )(nH1) is globally generated for every n ≥ nj . Let n
′
i ≥
ni
c1
and
consider
m1 = max
i
(n′i),
then for every m ≥ m1,
F ([mD]) = F (Tkj + [mc1]H1)⊗ OX

∑
i≥2
[mci]Hi


for any j. But this is a tensor product of a globally generated coherent
sheaf and a very ample divisor, hence globally generated.
(i) ⇒ Ample We first prove that [mD] is very ample for all m ≥ m0. Let H be a very
ample divisor and consider F = OX(−H). Then, by (i), there exists m0
such that for all m ≥ m0, [mD]−H is globally generated, so that
[mD] = ([mD]−H) +H
is a sum of a very ample and a globally generated integral divisor, that is
very ample and we are done. Also by Claim 3.2 D is nef.
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In particular, if D it is not ample, by Proposition 2.6, there exists 0 6=
γ ∈ NE(X) such that (D.γ) = 0. If D =
∑
aiDi ai ∈ R, Di prime divisor,
then
|({mD}.γ)| ≤
∑
{mai}|(Di.γ)| < +∞.
Since for m ≥ m0 [mD] is very ample, we have that ([mD].γ) > 0, and by
assumption we obtain {mD}.γ < 0. In particular there exists Di such that
(Di.γ) < 0. Now, for m ≥ m0,
|({mD}.γ)| = −({mD}.γ) = ([mD].γ),
and this would imply that
lim
m→∞
|({mD}.γ)| = +∞
that is absurd. Also, if we fix any real number M , there exists k ∈ N such
that −k(Di.γ) > M .
By (i) there exists m1 such that kDi + [mD] is globally generated for all
m ≥ m1.
Let us now consider m ≥ m0, m1:
|({mD}.γ)| = ([mD].γ) = (([mD] + kDi − kDi).γ) > M
since [mD] + kDi is nef, and we are done.
To conclude we get the statement by Claim 2.10. 
Remark 3.5. The equivalences (ii)-(vi) with the concept of ampleness where al-
ready known, the equivalence of (i) with the concept of ampleness is original.
We are finally able to state the results we could achieve for R-divisors.
Proposition 3.6 (Properties of ampleness for R-divisors). Let D ∈ DivR(X) be
an ample Cartier divisor on a normal projective variety X, and let OX([D]) be
the associated line bundle (sometimes we will think [D] as a Weil divisor by the
canonical correspondence). Then:
a) Given any coherent sheaf F on X, there exists a positive integer m1 =
m1(F ) having the property that
Hi(X,F ⊗ OX([mD])) = 0 ∀i > 0, m ≥ m1;
b) There is a positive integer m2 such that OX([mD]) is very ample ∀m ≥ m2;
c) For every subvariety V ⊆ X of positive dimension, there is a positive integer
m3 = m3(V ), such that for every m ≥ m3 there exists a non-zero section
0 6= s = sV,m ∈ H
0(V,OV ([mD])), such that s vanishes at some point of V ;
d) For every subvariety V ⊆ X of positive dimension,
χ(V,OV ([mD]))→ +∞ as m→ +∞;
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Proof. If D is ample then D =
∑
aiAi where Ai is an ample integral divisor and
ai > 0, ai ∈ R. We can now consider n ≫ 0 such that nAi = Hi is a very ample
integral divisor so that, if ci =
ai
n
, D =
∑
ciHi.
Ample ⇒ (a) In analogous way to Ample ⇒ (i) of Proposition 3.4 and by Fujita’s Theo-
rem, there exists an integer m2 such that
Hi(X,F ([mD])) = Hi

X,F (Tkj + [mc1]H1)⊗ OX

∑
s≥2
[mcs]Hs



 = 0
for all m ≥ m2 and all i ≥ 1.
Ample ⇒ (b) In analogous way to Ample ⇒ (i) of Proposition 3.4 with F = OX .
Ample ⇒ (c) Passing through the property (b) we get the statement. In fact (c) obviously
holds for any very ample divisor.
Ample ⇒ (d) Let us consider two ample integral effective divisors A,B ⊆ V and the
canonical exact sequence of A:
0→ OV (B)→ OV (A+B)→ OA(A+B)→ 0
so that we obtain the cohomological long exact sequence:
0→ H0(OV (B))
f
→ H0(OV (A+B))
h
→ H0(OA(A+B))→ · · ·
By the ampleness of A and B, we get that f cannot be surjective, so that
h is not the zero map, whence
h0(OV (A+B))− h
0(OV (B)) ≥ 1.
By ample ⇒ (b) we know that there exists a positive integer m0, such
that [mD] is very ample for all m ≥ m0. Also, by Note 2.4, [mD] =∑
[mci]Hi + Tm.
Let n > m > m0, such that Tm = Tn; then we obtain a new divisor in the
form [nD] =
∑
[nci]Hi + Tn, that is [nD] = [mD] +
∑
eiHi, ei ∈ N where,
if ei = 0 ∀i, we take n
′ > n. Let us consider an increasing sequence of those
n.
Since [mD] and
∑
eiHi are very ample, we get that
h0(OV ([nD]|V ))
n→∞
−→ +∞.
To conclude, since ample ⇒ (a) we get hi(V,OV ([mD]|V )) = 0 for all
i ≥ 1 and for all m≫ 0, whence:
χ(OV ([nD]))
n→∞
−→ +∞.

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4. Big line bundles and divisors
Definition 4.1 (Big). A line bundle L on a projective variety X is big if κ(X,L ) =
dimX. A Cartier divisor D on X is big if OX(D) is so.
Also reacall that
Definition 4.2. The semigroup of divisor D on a projective variety X is defined
as
N(X,D) = {m ∈ N |H0(X,OX(mD)) 6= 0}.
Lemma 4.3. Assume that X is a projective variety of dimension n. A divisor D
on X is big if and only if there is a constant C > 0 such that
h0(X,OX(mD)) ≥ C ·m
n
for all sufficiently large m ∈ N(X,D).
Proposition 4.4 (Kodaira’s lemma). Let D be a big Cartier divisor and F an
arbitrary effective Cartier divisor on X. Then
H0(X,OX(mD − F )) 6= 0
for all sufficiently large m ∈ N(X,D).
Proof. Suppose that dimX = n and consider the exact sequence of F
0→ OX(−F )→ OX → OF → 0
tensored by OX(mD):
0→ OX(mD − F )→ OX(mD)→ OF (mD)→ 0.
SinceD is big, by the Lemma 4.3 there is a constantC > 0 such that h0(X,OX(mD)) ≥
c ·mn for sufficiently large m ∈ N(X,D). On the other hand dimF = n− 1 so that
h0(F,OF (mD)) grows at most like m
n−1. Therefore
h0(X,OX(mD)) > h
0(F,OF (mD)
for large m ∈ N(X,D) and the assertion follows by the exact sequence. 
Corollary 4.5 (Characterization of big integral divisors). Let D be a Cartier di-
visor on a normal variety X. Then the following are equivalent:
(1) D is big;
(2) there exists an integer a ∈ N such that ϕ|mD| is birational for all m ∈
N(X,D)≥a;
(3) ϕ|mD| is generically finite for some m ∈ N(X,D);
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(4) for any coherent sheaf F on X, there exists a positive integer m = m(F )
such that F ⊗ OX(mD) is generically globally generated, i.e. is such that
the natural map
H0(X,F ⊗ OX(mD)) ⊗C OX → F ⊗ OX(mD)
is surjective over a dense open subset;
(5) for any ample integral divisor A on X, there exists a positive integer m > 0,
and an effective divisor N such that mD ≡lin A+N ;
(6) same as in (5) for some integral ample divisor A;
(7) there exists an ample integral divisor A, a positive integer m > 0 and an
effective divisor N such that mD ≡num A+N .
Definition 4.6 (Big Q-divisors). A Q-divisor D is big if there is a positive integer
m > 0 such that mD is integral and big.
Definition 4.7 (Big R-divisors). An R-divisor D ∈ DivR(X) is big if it can written
in the form
D =
∑
ai ·Di
where each Di is a big integral divisor and ai is a positive real number.
Proposition 4.8. Let D and D′ be R-divisors on X. If D ≡num D
′, then D is big
if and only if D′ is big.
Remark 4.9. If D is an integral divisor, D is big in the sense of Z-divisors (4.5)
if and only if it is big in the sense of R-divisors (4.7).
Proof. If D is big in the sense of Z-divisors, obviously D can be written as 1 ·D,
so that it is a big R-divisor.
If D =
∑
ciBi, where ci ∈ R, ci > 0 and Bi is a big integral divisor, as we will see
in the Claim 4.13, there exists m0 such that [m0D] is an integral big divisor. But
in this case we have that [m0D] = m0D and we get the statement by Corollary 4.5.

As we have just done for the ampleness, we would extend the various properties
of bigness, when it is possible, to Q and R-divisors referring us to Corollary 4.5;
The first step will be to redefine the notion of semigroup:
Definition 4.10. Let D be a R-divisor; the semigroup of D is the set
N(D) = N(X,D) = {m ≥ 0|H0(X,OX([mD])) 6= 0}.
Proposition 4.11 (Bigness for Q-divisors). Let D be a Q-divisor on a projective
variety X. Then the following are equivalent:
I) D is big;
II) there exists an integer a ∈ N such that ϕ|[mD]| is birational for all m ∈
N(X,D)≥a;
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III) ϕ|[mD]| is generically finite for some m ∈ N(X,D);
IV) for any coherent sheaf F on X, there exists a positive integer m = m(F )
such that F ⊗OX([mD]) is generically globally generated, that is such that
the natural map
H0(X,F ⊗ OX([mD])) ⊗C OX → F ⊗ OX([mD])
is generically surjective;
V) for any ample Q-divisor A on X, there exists an effective Q-divisor N such
that D ≡lin A+N ;
VI) same as in (V) for some ample Q-divisor A;
VII) there exists an ample Q-divisor A on X and an effective Q-divisor N such
that D ≡num A+N .
Proof.
(I)⇒ (II) If D is a big Q-divisor, we know that there exists k≫ 0 such that kD is a
multiple of an integral big divisor, so that, by Corollary 4.5, kD ≡lin A+E,
A ample and E effective Z-divisors. By Lemma 2.8:
[mD] ≡lin tkD + [iD] ≡lin tA+ tE + [iD], 0 ≤ i ≤ k − 1.
Let r ∈ N such that rA is very ample and let s ∈ N such that sA+ [iD]
is globally generated for all i = 1, . . . , k − 1. Then, for every m ≥ k(r + s),
we obtain:
[mD] ≡lin (t− s)A+ (sA+ [iD]) + tE = H + tE,
where H is very ample (for very ample + globally generated is very ample)
and tE is effective. To conclude
κ(X, [mD]) ≥ κ(X,H) = dimX,
hence κ(X, [mD]) = dimX .
(II)⇒ (I) If (II) holds it is also true that ϕ|m(kD)| is birational for allm ∈ N(X, kD)≥ka.
Now, by Corollary 4.5, kD is a big integral divisor, and so D is a big Q-
divisor by definition.
(III),...,(VII) ⇔ (I) The implication (I) ⇒ (III),...,(VII) is obvious, in fact if D is big we only
need to consider an integer m for which mD = D′ is an integral big divisor.
Now for those properties it is sufficient that there exists an integer satisfying
them. Then we only need to consider the product of this integer with m
and we obtain the statement.
Now we need to prove that if those properties hold, D is a big divisor.
(III) ⇒ (I) By (III) and by Corollary 4.5 we know that [mD] is big; now mD =
[mD]+{mD} where {mD} is an effective Q-divisor. Also, there exists
an integer k > 0 such that kmD is an integral divisor, where
kmD = k[mD] + k{mD}
16 STEFANO URBINATI
that is a sum of a big and an effective integral divisor. Now, by Corol-
lary 4.5, kmD is big and accordingly D = 1
km
(kmD) is.
(IV) ⇒ (V) For every ampleQ-divisor A, let us consider an effective integral divisor
E such that E−{A} is effective. Let us consider F = OX(−[A]−E).
Then, by (IV) there exists m such that OX(−[A]−E)⊗OX([mD]) is
generically globally generated. This implies H0(X,OX([mD] − [A] −
E)) 6= 0, so that there exists an effective integral divisor F giving
[mD] ≡lin [A] + E + F ⇒ mD ≡lin [mD] + {mD} ≡lin
≡lin A+ (E − {A}) + (F + {mD}),
as we wanted.
(V) ⇒ (I) if this property holds, there exists an integer k > 0 such that kmD, kA
and kN are integral divisors, where kA is ample and kN is effective.
Now, by Corollary 4.5, kmD is big, and so D = 1
km
(kmD) is.
(VI) ⇒ (I) like in (V ).
(VII) ⇒ (I) like in (V ).

Remark 4.12. If B is a big rational divisor and N is an effective rational divisor,
then B + sN is big for all s ∈ R, s > 0.
Proof. If s ∈ Q it is obvious by Proposition 4.11. If s ∈ R − Q we only need to
choose two positive rational numbers s1, s2 with s1 < s < s2 and t ∈ [0, 1] such
that s = ts1 + (1− ts2). Then
B + sN = t(B + s1N) + (1− t)(B + s2N)
that is a positive linear combination of big Q-divisors. 
Claim 4.13. Let D be an R-divisor on a projective variety X. Then the following
are equivalent:
(1) D is big;
(2) There exists an integer m0 > 0 such that [mD] is a big integral divisor for
all m ≥ m0;
(3) There exists an integer m1 > 0 such that [m1D] is a big integral divisor.
Proof.
1 ⇒ 2) If D is a big divisor then D =
∑
aiDi, ai ∈ R, ai > 0 and Di ∈ Div(X)
big divisors. By Note 2.4 we can write [mD] =
∑
[mai]Di + Tk for finitely
many integral divisors Tk. We also point out that {mD} ∈ DivR(X) is an
effective divisor.
By Corollary 4.5
[mD] ≡lin
∑
[mai](Ai + Ei) + Tk
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where Ai is an ample integral divisor and Ei is an effective integral divisor.
Now we can choose r ∈ N such that tAi is very ample for every i and for
every t ≥ r. Let s ∈ N such that sA1 + Tk is globally generated for every
k. If we take m0 such that [m0ai] ≥ r ∀i and [m0a1] ≥ r + s, then for all
m ≥ m0
[mD] ≡lin
∑
i≥2
[mai](Ai + Ei) + ([ma1]− s)A1 + [ma1]E1 + (sA1 + Tk)
where
∑
i≥2[mai]Ai + ([ma1] − s)A1 + (sA1 + Tk) = H is a very ample
integral divisor and
∑
i[mai]Ei = E is an effective integral divisor so that
κ(X, [mD]) ≥ κ(X,H) = dimX,
and we get the statement.
2 ⇒ 3) Trivial.
3 ⇒ 1) We have that [m1D] is big. Now by Proposition 4.5 there exist an ample
integral divisor A and an effective integral divisor E such that
[m1D] ≡num A+ E ⇒ m1D ≡num A+ (E + {m1D})
that is the sum of an ample and an effective R-divisor. By Proposition 4.8
it is enough to prove that A+ E + {mD} is big. So we get the statement
by Remark 4.12: if D =
∑
aiDi, ai ∈ R, Di prime divisors, then
{m1D} =
s∑
i=1
{m1ai}Di
and we can write
A+ (E + {m1D}) =
s∑
i=1
1
s
(A+ E + s{m1ai}Di).

Now we are discussing the case of R-divisors:
Proposition 4.14 (Bigness for R-divisors). Let D be an R-divisor on a projective
variety X. The following are equivalent:
(i) D is big;
(ii) there exists an integer a ∈ N such that ϕ|[mD]| is birational for all m ∈
N(X,D)≥a;
(iii) ϕ|[mD]| is generically finite for some m ∈ N(X,D);
(iv) for any coherent sheaf F on X, there exists a positive integer m = m(F )
such that F ⊗OX([mD]) is generically globally generated, that is such that
the natural map
H0(X,F ⊗ OX([mD])) ⊗C OX → F ⊗ OX([mD])
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is generically surjective;
(v) for any ample R-divisor A on X, there exists an effective R-divisor N such
that D ≡num A+N ;
(vi) same as in (v) for some ample R-divisor A;
Proof.
(i)⇒ (ii) As in the proof of Claim 4.13 there exists a positive integer m0 such that
we can write
[mD] ≡lin H + E
for allm ≥ m0, whereH is a very ample integral divisor andE is an effective
integral divisor. Then, obviously, ϕ|[mD]| is birational for all m ≥ m0.
(ii)⇒ (iii) Trivial.
The implication (iii)⇒ (i) is obvious, in fact like above we only need to consider
the integer m for which [mD] is big and the statement follows by Claim 4.13.
(i)⇒ (iv) D is a big R-divisor, then D =
∑
aiDi, ai ∈ R, ai > 0 and Di big integral
divisor. Also by Note 2.4 we can write [mD] =
∑
[mai]Di + Tk for finitely
many integral divisors Tk. Let A be an ample integral divisor, then there
exists m0 = m(F (Tk)) such that F (Tk)(m0A) is globally generated for all
k. Let us denote m0A = H
Since Di is a big integral divisor, by Corollary 4.5 there exists mi ∈ N
such that miDi ≡lin H +Ei where Ei is an effective integral divisor. Also,
since Di is big and integral, there exists ni such that nDi is effective for all
n ≥ ni.
Let m≫ 0 such that [mai]−mi ≥ ni for all i, then
F (Tk)([mD]) = F (Tk)(
s∑
i=1
(([mai]−mi)Di +miDi))
where ([mai]−mi)Di is effective and miDi ≡lin H + Ei.
Then F (Tk)([mD]) = F (Tk)(sH+E) where E is effective and F (Tk)(sH)
is globally generated and we are done.
(iv)⇒ (v) Like in Proposition 4.11 (IV)⇒ (V) where we replace ≡lin by ≡num.
(v)⇒ (vi) Trivial.
(vi)⇒ (i) By (vi) we have that D ≡num A + N where A is an ample and N is an
effective R-divisor. By the openness of amplitude,there exist E1, . . . , Er
effective R-divisors, such that the divisor
H = A− ε1E1 − . . .− εrEr
is an ample Q-divisor, for 0 < εi ≪ 1. Also, M = N + ε1E1 + . . .+ εrEr is
an effective R-divisor.
Now we can write M =
∑s
i=1 ciDi where ci ∈ R, ci > 0 and Di is a prime
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divisor.
Then the results follows by Remark 4.12 and Proposition 4.8, since we can
write
D ≡num
s∑
i=1
(
1
s
H + ciDi
)
.

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